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Double triangle subspace lattice
Let Di be a strongly double triangle subspace lattice on a Banach
space Xi , where i = 1, 2. If operator pair (M,M∗) is a surjec-
tive elementary operator on Alg D1 ⊗ Alg D2, then there exist
closed, densely deﬁned linear operators T from the domain D(T)
of T in X1 into X2 and S from the domain D(S) of S in X2
into X1 satisfying A1R(S) ⊆ D(T) and A2R(T) ⊆ D(S) for all
A1 ∈ AlgD1, A2 ∈ AlgD2 such thatM(A1)y = TA1Sy, y ∈ D(S) and
M∗(A2)x = SA2Tx, x ∈ D(T).
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
LetA be an algebra, n a positive integer, and ak, bk ∈ A, k = 1, . . . , n. Then the operatorφ : A → A
deﬁned by φ(x) = ∑ni=1 akxbk is called an elementary operator. The building blocks of such operators
are the elementary operators of length one, that is, the maps Ma,b(x) = axb. Special examples of
elementary operators are inner automorphisms and inner derivations (in unital algebra), respectively.
Brešar and Sˇemrl introduced thenotionof abstract elementaryoperator in [1–3]. They consideredapair
of algebrasA, B, and a pair of linear operatorsM : A → B andM∗ : B → A satisfyingM(xM∗(y)z) =
M(x)yM(z) and M∗(yM(x)u) = M∗(y)xM∗(u) for all x, z ∈ A, y, u ∈ B. They called operator pair
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(M,M∗) is an elementary operator on A ⊗ B. If M and M∗ both are surjective maps, then operator
pair (M,M∗) is called a surjective elementary operator on A ⊗ B.
Authors in [2,4] proved that ifA and B are standard operator algebras onX and Y , respectively, and
M : A → B andM∗ : B → A are linear operators satisfying
M(AM∗(B)C) = M(A)BM(C) and M∗(BM(A)D) = M∗(B)AM∗(D)
for every A, C ∈ A and B, D ∈ B, then there exist bounded operators T : X → Y and S : Y → X such
thatM(A) = TAS, A ∈ A andM∗(B) = SBT, B ∈ B. Li and Lu in [5] proved the following result. Let Li
be a J -subspace lattice on a Banach spaceXi, where i = 1, 2. LetAi be a standard operator subalgebra
of Alg Li. If operator pair (M,M∗) is an elementary operator from A1 into A2, then there exist closed,
densely deﬁned linear operators T from the domain D(T) of T in X1 into X2 and S from the domain
D(S) of S in X2 into X1 satisfying AR(T) ⊆ D(T) and BR(S) ⊆ D(S) for all A ∈ A1, B ∈ A2 such
that
M(A)y = TASy, y ∈ D(S), M∗(B)x = SBTx, x ∈ D(T).
An interested reader can ﬁnd further results on abstract elementary operators in [1–4,6].
Let us introduce the notations. Throughout what follows X will denote a non-zero reﬂexive com-
plex Banach space with topological dual X∗. As usual, the set of bounded linear operators on X is
denoted by B(X ). If T ∈ B(X ), then R(T) denotes the range of T . If e, f , g, . . .are vectors of X , then
lin.span{e, f , g, . . .} denotes their linear span. If e∗ ∈ X∗, f ∈ X , then e∗ ⊗ f denotes the operator
(e∗ ⊗ f )(x) = e∗(x)f , ∀x ∈ X .
For any non-empty subset Y ⊆ X , Y⊥ denotes its annihilator, that is, Y⊥ = {f ∗ ∈ X∗ : f ∗(y) =
0, ∀y ∈ Y}. For any non-empty subset Z ⊆ X∗, ⊥Z denotes its pre-annihilator, that is, ⊥Z = {x ∈
X : f ∗(x) = 0, ∀f ∗ ∈ Z}. Clearly X⊥ = {0}, {0}⊥ = X∗. If Y and Z are subspaces, then ⊥(Y⊥) =
Y and (⊥Z)⊥ = Z . Also, for every family {Lγ }Γ of subspaces of X we have (∨Γ Lγ )⊥ = ∩Γ L⊥γ and
(∩Γ Lγ )⊥ = ∨Γ L⊥γ , where ∨ denotes closed linear span.
A subspace lattice on X is a family L of subspaces of X satisfying (i) {0}, X ∈ L and (ii) ∩Γ Lγ ∈
L, ∨Γ Lγ ∈ L for every family {Lγ }Γ of elements ofL. For any subspace latticeL onX we deﬁne Alg L,
as usual, by
Alg L = {T ∈ B(X ) : TL ⊆ L, ∀L ∈ L}.
For any subset A ⊆ B(X ), we deﬁne Lat A, as usual, by
Lat A = {L : L is a closed subspace of X , TL ⊆ L, ∀T ∈ A}.
A double triangle subspace lattice on X is a set D = {{0}, K, L, M,X } of subspaces of X satisfying
K ∩ L = L ∩ M = M ∩ K = {0} andK ∨ L = L ∨ M = M ∨ K = X . If oneof three sumsK + L, L + M
andM + K is closed, we say thatD is a strongly double triangle subspace lattice. It is known in [7] that
Alg D contains no rank one operators. We also have that Alg D may or may not contain non-zero ﬁnite
rank operators(cf. Theorem 2.1 in [8]). Observe that D⊥ = {{0}, K⊥, L⊥, M⊥,X∗} is a double triangle
subspace lattice on the reﬂexive Banach space X∗.
As in [8], put K0 = K ∩ (L + M), L0 = L ∩ (M + K), M0 = M ∩ (K + L) and Kp = K⊥ ∩ (L⊥ +
M⊥), Lp = L⊥ ∩ (M⊥ + K⊥), Mp = M⊥ ∩ (K⊥ + L⊥), respectively. Note that Kp, Lp andMp play the
same role forD⊥ as K0, L0 andM0 do forD. Each of K0, L0, M0 is an invariant linear manifold of Alg D;
each of Kp, Lp, Mp is an invariant linear manifold of Alg D⊥. By Lemma 2.2 in [8], dimensions of K0, L0
and M0 are the same, denoted by m, and the dimension of Kp, Lp and Mp are the same, denote by n.
We next recall that some results which are useful later.
Lemma 1.1 [8]. Let D be a double triangle subspace lattice on X . Then the following statements hold:
(i) K0 ⊆ K ⊆ ⊥Kp, L0 ⊆ L ⊆ ⊥Lp and M0 ⊆ M ⊆ ⊥Mp.
(ii) K0 ∩ L0 = L0 ∩ M0 = M0 ∩ K0 = {0}.
(iii) Kp ∩ Lp = Lp ∩ Mp = Mp ∩ Kp = {0}.
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(iv) K0 + L0 = L0 + M0 = M0 + K0 = K0 + L0 + M0.
(v) Kp + Lp = Lp + Mp = Mp + Kp = Kp + Lp + Mp.
The presence or absence of ﬁnite rank operators is governed by the following Lemma.
Lemma 1.2 [8]. Let D be a double triangle subspace lattice on X :
(i) Every ﬁnite rank operator of Alg D has even rank (possibly zero).
(ii) If e, f ∈ X and e∗, f ∗ ∈ X∗ are non-zero vectors satisfying e ∈ K0, f ∈ L0, e + f ∈ M0 and e∗ ∈
Kp, f
∗ ∈ Lp, e∗ + f ∗ ∈ Mp, then R = e∗ ⊗ f − f ∗ ⊗ e is a rank two operator of Alg D. Moreover,
every rank two operator of Alg D has this form for some such vectors e, f , e∗, f ∗.
(iii) Alg D contains a non-zero ﬁnite rank operator if and only if m /= 0 and n /= 0.
(iv) Every ﬁnite rank operator of Alg D (if there are any) is a ﬁnite sum of rank two operators of Alg D.
Lemma 1.3 [8]. Let D = {{0}, K, L, M,X } be a strongly double triangle subspace lattice on X . Then
(i) K0 + L0 + M0 is dense in X .
(ii) Kp + Lp + Mp is dense in X∗.
Lemma 1.4 [8]. If Alg D contains a rank two operator, then
(i) lin.span{R(R) : R ∈ Alg D and rank R = 2} = K0 + L0 + M0.
(ii) ∩{ker R : R ∈ Alg D and rank R = 2} = ⊥{Kp + Lp + Mp}.
The proceeding two lemmas shows that Alg D contains lots of rank two operators if D is a strongly
double triangle subspace lattice.
In [9] and other papers, we have studied isomorphisms and derivations on strongly double triangle
subspace lattice algebras. In this paper,we consider surjective elementaryoperators on stronglydouble
triangle subspace lattice algebras. In Section 2, we prove that surjective elementary operator preserve
rank of operator two sides. In Section 3,we describe the general formof surjective elementary operator
on strongly double triangle subspace lattice algebras.
2. Properties of surjective elementary operators
In this section, let D = {{0}, K, L, M,X } be a strongly double triangle subspace lattice on X . Let
operator pair (M,M∗) be a surjective elementary operator on Alg D ⊗ Alg D. Assume that X = K + L.
It is easy to prove thatm /= 0 and n /= 0. It follows that Alg D contains non-zero ﬁnite rank operators
from Lemma 1.2. Then by Corollary 3.1 in [10], Alg D is a semi-simple. Thus there exists a rank two
non-quasinilpotent operator in Alg D.
The following lemma which can be found in [9] will be used to prove our results.
Lemma 2.1. Let D be a strongly double triangle subspace lattice on X , and T ∈ B(X ).
(1) If TR = 0 for all rank two operators R ∈ Alg D, then T = 0.
(2) If RT = 0 for all rank two operators R ∈ Alg D, then T = 0.
An element s of an abstract algebra A is called single if either as = 0 or sb = 0 whenever asb = 0
for any a, b ∈ A. In (cf. Theorem 2.1 [9]), we proved that S is a non-zero single element in Alg D if and
only if S is a rank two operator.
Lemma 2.2. If M is a surjective map, then M is rank two preserving.
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Proof. Let T be a rank two operator in Alg D. Then T is a single element. Let B and D be non-zero
operators in Alg D with BM(T)D = 0. For any rank two operators X and Y in Alg D, it follows from the
deﬁnition of elementary operator thatM∗(XB)TM∗(DY) = M∗(XBM(T)DY) = 0. Then we have either
M∗(XB)T = 0 or TM∗(DY) = 0.
Case 1. M∗(XB)T = 0. Let β∗ be any non-zero vector in Kp. It follows from Lemma 1.1 that there
exist unique non-zero vectors u∗ ∈ Lp and v∗ ∈ Mp such that β∗ = u∗ + v∗. Similarly, for any non-
zero vector β in K0, there exist unique non-zero vectors u ∈ L0 and v ∈ M0 such that β = u + v. It
follows from Lemma1.2 that u∗ ⊗ v − v∗ ⊗ u is a rank two operator in Alg D. Note thatM is surjective.
Then there exists an operator A in Alg D such thatM(A) = u∗ ⊗ v − v∗ ⊗ u. So we have
[(XBM(T))∗u∗] ⊗ v − [(XBM(T))∗v∗] ⊗ u = M(A)XBM(T) = M(AM∗(XB)T) = 0.
Therefore,we obtain that (XBM(T))∗u∗ = 0 and (XBM(T))∗v∗ = 0. Then (XBM(T))∗β∗ = (XBM(T))∗
u∗ + (XBM(T))∗v∗ = 0. Similarly, we can also have (XBM(T))∗γ ∗ = 0 for any non-zero vector γ ∗ in
Lp. It follows from Lemmas 1.1 and 1.3 that (XBM(T))
∗ = 0 and XBM(T) = 0. By Lemma 2.1, we have
BM(T) = 0.
Case 2. TM∗(DY) = 0. We also can proveM(T)D = 0.
SoM(T) is a non-zero single element in Alg D. It follows from Theorem 2.1 in [9] thatM(T) is a rank
two operator. 
Lemma 2.3. If M is a surjective map, then M is injective.
Proof. Suppose thatM(A) = 0 and A is a non-zero operator in Alg D. By Lemma 1.2, we have rank A =
2k andA = ∑kj=1 Aj , whereAj is of rank two for j = 1, 2, . . . , k. By Lemma2.2,we have rank M(Aj) = 2.




= ∑kj=1 M(Aj). Then rank M(A) 2. It is a contradiction withM(A) =
0. Thus A = 0. 
Corollary 2.1. Let M∗ be a surjective map. Then
(i) M∗ is rank two preserving.
(ii) M∗ is injective.
Lemma 2.4. If (M,M∗) is a surjective elementary operator, then (M∗−1, M−1) is also.
Proof. It follows from Lemma 2.3 and Corollary 2.1 thatM andM∗ are bijective maps. For all A, B, C ∈
Alg D, we have
M∗(M∗−1(A)CM∗−1(B)) = M∗(M∗−1(A)M(M−1(C))M∗−1(B)) = AM−1(C)B.
That is, M∗−1(AM−1(C)B) = M∗−1(A)CM∗−1(B). By the same method, we also prove second
equation. Then (M∗−1, M−1) is a surjective elementary operator. 
Theorem 2.1. Let D be a strongly double triangle subspace lattice on a reﬂexive Banach space X and let
operator pair (M,M∗) be an elementary operator on Alg D ⊗ Alg D. If (M,M∗) is a surjective elementary
operator, then M and M∗ are rank preserving two sides.
Proof. By Lemmas 2.4 and 2.2, we have M−1 is rank two preserving. For any rank two operator P in
Alg D, there exists an operator Q in Alg D such that P = M(Q) and Q = M−1(P). Then Q is a rank two
operator.
Suppose F is a non-zero ﬁnite rank operator in Alg D. By Lemma 1.2, we have rank F = 2k and
F = ∑kj=1 Fj , where Fj is of rank two for j = 1, 2, . . . , k. Then we haveM(F) = ∑kj=1 M(Fj). By Lemma
2.2, we have thatM(Fj) is a rank two operator andM(F) is an operator with rank at most 2k. Suppose
that rank M(F) = 2l andM(F) = ∑li=1 Pi, where Pi is of rank two in Alg D for i = 1, 2, . . . , l. Then we
have F = M−1(M(F)) = ∑li=1 M−1(Pi) and rank F  2l. Thus rank M(F) = 2k = rank F .
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Similarly, we can prove that M−1 is rank preserving. Suppose T is a non-zero ﬁnite rank operator
in Alg D. Then we have rank M−1(T) = rank T . The second statement is easily veriﬁed. 
3. Characterization of surjective elementary operators
In this section, letDi = {{0}, Ki, Li, Mi,Xi}bea stronglydouble triangle subspace latticeonXi,where
i = 1, 2. We always suppose that Ki + Li is closed. It is easy to prove that Ki0, Kip are non-zero. Then
Alg Di contains non-zero ﬁnite rank operators. Let operator pair (M,M∗) be a surjective elementary
operator on Alg D1 ⊗ Alg D2.
Lemma 3.1. If M∗ is a surjectivemap, then there exist rank two operators R1 = e∗ ⊗ f − f ∗ ⊗ e in Alg D1
andA2 inAlg D2 such that e∗(M∗(A2)f ) = 1 if andonly if f ∗(M∗(A2)e) = −1,where e ∈ L10 , f ∈ M10 , e +
f = α1 ∈ K10 and e∗ ∈ L1p , f ∗ ∈ M1p , e∗ + f ∗ = α∗1 ∈ K1p .
Proof. By Corollary 2.1, there exists a rank two operator A2 in Alg D2 such thatM∗(A2) /= 0. By Lemma
2.1, there exist rank two operators S1 and T1 such that S1M
∗(A2)T1 /= 0. It follows from Lemma 1.2
that S1M
∗(A2)T1 is a rank two operator in Alg D1. We assume that S1 = e∗ ⊗ v − f ∗ ⊗ u, where
e∗ ∈ L1p , f ∗ ∈ M1p , e∗ + f ∗ = α∗1 ∈ K1p andu ∈ L10 , v ∈ M10 , u + v = β1 ∈ K10 . Assume T1 = u∗ ⊗ f −
v∗ ⊗ e, where e ∈ L10 , f ∈ M10 , e + f = α1 ∈ K10 and u∗ ∈ L1p , v∗ ∈ M1p , u∗ + v∗ = β∗1 ∈ K1p . Thuswe
obtain that
S1M
∗(A2)T1= (e∗ ⊗ v − f ∗ ⊗ u)M∗(A2)(u∗ ⊗ f − v∗ ⊗ e)
= (e∗(M∗(A2)f )u∗ ⊗ v − (−f ∗(M∗(A2)e)v∗ ⊗ u.
It follows from Lemma 2.1 that e∗(M∗(A2)f )u∗ − f ∗(M∗(A2)e)v∗ ∈ K1p . Note that u∗ + v∗ ∈ K1p and
L1p ∩ M1p = {0}. It follows that e∗(M∗(A2)f ) = −f ∗(M∗(A2)e) /= 0. Thus e∗(M∗(A2)f ) = 1 if and only
if f ∗(M∗(A2)e) = −1. Let R1 = e∗ ⊗ f − f ∗ ⊗ e. By Lemma1.2, R1 is a rank two operator inAlg D1. 
Similarly, we have the following lemma.
Lemma 3.2. If M is a surjectivemap, then there exist rank two operators R2 = g∗ ⊗ h − h∗ ⊗ g in Alg D2
and A1 in Alg D1 such that g∗(M(A1)h) = 1 if and only if h∗(M(A1)g) = −1, where g ∈ L20 , h ∈ M20 , g +
h = α2 ∈ K20 and g∗ ∈ L2p , h∗ ∈ M2p , g∗ + h∗ = α∗2 ∈ K2p .
In this section, we always use above notation as in Lemmas 3.1 and 3.2. Note that R1 and R2 are
rank two operators in Alg D1 and Alg D2, respectively. Thus we can assume that e∗(M∗(R2)f ) = 1 and
g∗(M(R1)h) = 1.
For any x ∈ K10 , there are unique vectors x1 ∈ L10 , x2 ∈ M10 such that x = x1 + x2. We deﬁne a
map by TKx = M(e∗ ⊗ x2 − f ∗ ⊗ x1)(g + h) from K10 into K20 . Similarly, deﬁne a map SK by SKy =
M∗(g∗ ⊗ y2 − h∗ ⊗ y1)(e + f ) from K20 into K10 for any y ∈ K20 , where y1 ∈ L20 , y2 ∈ M20 are chosen
such that y = y1 + y2.
For any x ∈ L10, there exist unique vectors xK ∈ K10 , xM ∈ M10 such that x = xK + xL . We deﬁne
a map TL by TLx = M((−f ∗) ⊗ xK − α∗1 ⊗ xM)(α2 − h) from L10 into L20. For any y ∈ L20, there exist
unique vectors yK ∈ K20 and yM ∈ M20 such that y = yK + yL . Similarly, we deﬁne a map from L20 into
L10 by SLy = M∗((−h∗) ⊗ yK − α∗2 ⊗ yM)(α1 − f ).
It is easy to prove that TK , SK , TL and SL are well deﬁned linear maps.
Lemma 3.3. We have
M(A1)y = TKA1SKy and M∗(A2)x = SKA2TKx
for all x ∈ K10 , y ∈ K20 and A1 ∈ Alg D1, A2 ∈ Alg D2.
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Proof. Let y be any vector in K20 . By Lemma 1.2, there exist unique vectors y1 ∈ L20 , y2 ∈ M20 such that
y = y1 + y2. Then we have SKy ∈ K10 . Note that K10 is an invariant manifold of Alg D1. Thus we obtain
A1SKy ∈ K10 for any A1 ∈ Alg D1. From the deﬁnition of elementary operator, we have
TKA1SKy= TKA1[M∗(g∗ ⊗ y2 − h∗ ⊗ y1)(e + f )]
= TK [A1M∗(g∗ ⊗ y2 − h∗ ⊗ y1)e + A1M∗(g∗ ⊗ y2 − h∗ ⊗ y1)f ]
= M(e∗ ⊗ [A1M∗(g∗ ⊗ y2−h∗ ⊗ y1)f ] − f ∗ ⊗ [A1M∗(g∗ ⊗ y2−h∗ ⊗ y1)e])(g+h)
= M(A1M∗(g∗ ⊗ y2 − h∗ ⊗ y1)(e∗ ⊗ f − f ∗ ⊗ e))(g + h)
= M(A1)(g∗ ⊗ y2 − h∗ ⊗ y1)M(e∗ ⊗ f − f ∗ ⊗ e)(g + h)
= M(A1)(g∗(M(R1)h)y2 − h∗(M(R1)g)y1)
= M(A1)y.
Similarly, we can also prove second equation. 
Similarly, we also have the following corollary.
Corollary 3.1. We have M(A1)y = TLA1SLy and M∗(A2)x = SLA2TLx for all x ∈ L10 , y ∈ L20 and A1 ∈
Alg D1, A2 ∈ Alg D2.
Lemma 3.4. If operator M is surjective, then SK and SL are injective.
Proof. If SKy = 0, then by Lemma 1.1we haveM∗(g∗ ⊗ y2 − h∗ ⊗ y1)e = 0 andM∗(g∗ ⊗ y2 − h∗ ⊗
y1)f = 0. HenceM∗(g∗ ⊗ y2 − h∗ ⊗ y1)R1 = 0. For every rank two operator A2 in Alg D2, there exists
an operator A1 in Alg D1 such that A2 = M(A1). Hence we have A1M∗(g∗ ⊗ y2 − h∗ ⊗ y1)R1 = 0. It
follows from the deﬁnition of elementary operator that
A2(g
∗ ⊗ y2 − h∗ ⊗ y1)M(R1)= M(A1)(g∗ ⊗ y2 − h∗ ⊗ y1)M(R1)
= M(A1M∗(g∗ ⊗ y2 − h∗ ⊗ y1)R1) = 0.
Therefore, we have{
A2y1 = A2(−h∗(M(R1)g)y1 = A2(g∗ ⊗ y2 − h∗ ⊗ y1)M(R1)g = 0,
A2y2 = A2(g∗(M(R1)h))y2 = A2(g∗ ⊗ y2 − h∗ ⊗ y1)M(R1)h = 0.
This implies that A2y = A2y1 + A2y2 = 0 and y ∈ ker A2. Thus we have y ∈ ∩{ker A : A ∈ Alg D2 and
rank A = 2}. By Lemmas 1.3 and 1.4, we have y = 0. By the similar way, SL is a injective map. 
Similarly, we also have the following lemma.
Lemma 3.5. If operator M∗ is surjective, then TK and TL are injective.
Di0 denotes lin.span{u, v : u ∈ Ki0, v ∈ Li0}, where i = 1, 2. It is clear that Xi = Di0. We deﬁne amap
T from D10 into D
2
0 by Tx = TKxK + TLxL for any x = xK + xL , where xK ∈ K10 , xL ∈ L10. We deﬁne amap
S fromD20 intoD
1
0 by Sy = SKyK + SLyL for any y = yK + yL , where yK ∈ K20 , yL ∈ L20. It is easy to prove
that T and S are well deﬁned linear maps.
Lemma 3.6. If operators M, M∗ are surjective, then T and S are injective.
Proof. Suppose that Tx = 0. Then we have TKxK + TLxL = 0. Since xK ∈ K10 , xL ∈ L10 and K20 ∩ L20 ={0}, we get TKxK = 0 and TLxL = 0. It follows that x = xK + xL = 0 from the injectivity of TKand TL .

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Lemma 3.7. We have M(A1)y = TA1Sy and M∗(A2)x = SA2Tx for all x ∈ D10, y ∈ D20 and A1 ∈ Alg D1,
A2 ∈ Alg D2.
Proof. Note that K10 and L
1
0 are invariant manifolds of Alg D1. Thus we have that D10 is also a invariant
manifold of Alg D1. Since A1 ∈ Alg D1 and Sy ∈ D10, we have A1Sy ∈ D10. By Lemma 3.3 and Corollary
3.1, we have
TA1Sy= TA1(SKyK + SLyL)
= T(A1SKyK + A1SLyL)
= TKA1SKyK + TLA1SLyL
= M(A1)yK + M(A1)yL = M(A1)y.
The second statement is easily veriﬁed. 
Lemma 3.8. T and S have a closed extension.
Proof. Let (0, y) ∈ G(T). Then there exists a sequence {xn} inD10 such that limn→∞(xn, Txn) = (0, y). It
follows from Lemma 3.7 that for every rank two operator A2 ∈ Alg D2 we have 0 = limn→∞ M∗(A2)xn= limn→∞ SA2Txn. By Lemma 1.2, we assume that A2 = u∗ ⊗ v − v∗ ⊗ u, where u ∈ K20 , v ∈ L20 , u +
v ∈ M20 and u∗ ∈ K2p , v∗ ∈ L2p , u∗ + v∗ ∈ M2p . For every x ∈ X1, we have
limn→∞ SA2Txn= lim
n→∞ S(u
∗ ⊗ v − v∗ ⊗ u)(Txn)
= lim
n→∞[u∗(Txn)Sv − v∗(Txn)Su]
= u∗(y)Sv − v∗(y)Su
= S(u∗ ⊗ v − v∗ ⊗ u)y = SA2y.
Thus we have SA2y = 0. By Lemma 3.6, we have A2y = 0. This implies that y ∈ ker A2 and y ∈∩{ker A : A ∈ Alg D2 and rank A = 2}. By Lemmas 1.3 and 1.4, we have y = 0. The second statement
is easily veriﬁed. 
Theorem 3.1. Let D1 and D2 be strongly double triangle subspace lattices on reﬂexive Banach spaces X1
and X2, respectively, and let operator pair (M,M∗) be a surjective elementary operator. Then there exist
densely deﬁned, closed linear maps T from the domain D(T) of T into X2 and S from the domain D(S)
of S into X1 such that for every x ∈ D(T), y ∈ D(S) and A1 ∈ Alg D1, A2 ∈ Alg D2, we have A1R(S) ⊆
D(T), A2R(T) ⊆ D(S) and
M(A1)y = TA1Sy and M∗(A2)x = SA2Tx.
Proof. Let S be the closedextensionof S. For anyA1 ∈ Alg D1 and y ∈ D(S), then there exists a sequence{un} in D20 such that limn→∞(un, Sun) = (y, Sy). Note that A1 andM(A1) are bounded operators. Then
we have limn→∞ M(A1)un = M(A1)y and limn→∞ A1Sun = A1Sy. It follows from Lemma 3.7 that we
obtain limn→∞ TA1Sun = limn→∞ M(A1)un = M(A1)y. This implies that (A1Sy, M(A1)y) ∈ G(T) =
G(T). Thus we have A1Sy ∈ D(T) and A1R(S) ⊆ D(T). Thus we have M(A1)y = TA1Sy. The second
statement is easily veriﬁed. 
By Theorem 3.1, it is easy to prove the following corollaries.
Corollary 3.2. Let D1 and D2 be strongly double triangle subspace lattices on reﬂexive Banach spaces X1
and X2, respectively, and let operator pair (M,M
∗) be a surjective elementary operator. Then operators M
and M∗ are norm continuous.
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Corollary 3.3. Let D1 and D2 be strongly double triangle subspace lattices on ﬁnite-dimensional Banach
spacesX1 andX2, respectively, and let operator pair (M,M∗)be a surjective elementary operator. Then there
exist bounded linear maps T from X1 into X2 and S from X2 into X1 such that for every A1 ∈ Alg D1, A2 ∈
Alg D2, we have M(A1) = TA1S and M∗(A2) = SA2T .
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